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Abstract
A recent letter reports an upper limit on the galactic compact binary inspiral
rate set by gravitational wave observations using the LIGO 40M prototype
interferometer. The limit was set by imagining a threshold set equal to the
amplitude of the loudest event and then considering the probability that only
one event was observed with amplitude greater than the threshold. That limit
can be improved on by considering also that the observed event took on a par-
ticular value. In this communication we derive a general and exact expression
for the likelihood that the loudest event, observed with imperfect efficiency
and in the presence of a background, has a given amplitude. We apply our
result to find an improved upper limit, based on the same assumptions and
using only those results described in [1].
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A recent Letter [1] described the analysis of nearly 45 h of data taken with the LIGO 40M
prototype interferometer in November 1994. The detector was a prototype; correspondingly,
the analysis was a prototype, intended principally to demonstrate an analysis pipeline aimed
at determining an upper limit on the galactic neutron star binary inspiral rate in our galaxy.
To determine the upper limit, [1] chose to focus on the \loudest event" | i.e., the single
event with the greatest signal-to-noise (S/N) ratio that passed all of the cuts in their analysis
pipeline. The idea behind using the \loudest event" to set an upper limit on the event rate
in the sample volume is that events of greater S/N are generally closer, and therefore rarer,
than fainter events. In a xed observation period, the probability that the loudest event has
a particular amplitude is thus related to the event rate.
The analysis of [1] set an upper limit on the event rate by focusing on the probability
that only one event was observed above an amplitude threshold, which was set equal to the
amplitude of the loudest observed event. We can improve on that limit also making use of
the fact that the observed event had a particular value, and was not simply greater than
the threshold.
In this note we derive an exact expression for the likelihood that the loudest event,
sampled with arbitrary eciency from a Poisson distributed population of signals and a
Poisson distributed population of background events, takes on a particular value. This
result has broad applicability in other contexts. As an application we specialize it to the
case considered in [1] and report an improved upper limit on the event rate.
In section II we recap the event rate upper limit made in [1], following their presentation
in [2]. The observations enter this calculation through the asymptotic form of the likelihood
function for the observation ρmax given a hypothesized event rate. In section III we calculate,
from rst principles and in complete generality, the exact likelihood that the loudest event
has magnitude ρmax, a result which has broader applicability in other contexts. Finally, in
section IV we specialize to the assumptions made in [1] and give an improved event rate
upper limit, 17% lower than that reported previously.
II. A WEAK UPPER LIMIT CALCULATION
In [1], data taken with the LIGO 40M prototype interferometer was processed by an
analysis pipeline, which identied some number of candidate galactic compact binary inspiral
events. That pipeline was characterized by two threshold quantities, χ2 and ρ. The S/N ρ,
corresponding to the maximum signal amplitude from a bank of lters, and another statistic
χ2 were evaluated on the detector data stream: whenever χ2 was less than χ2 and ρ greater
than ρ the pipeline reported an event detected.
Like all analysis pipelines, this one was not 100% ecient; so, not all actual binary
inspiral events that might have occurred would have been identied by the pipeline. In
particular, among all events with ρ greater than ρ, the pipeline detected only a fraction
(ρ) of galactic binaries (as determined by a Monte Carlo simulation).
Now suppose that ρ were equal to the amplitude of the \loudest" observed event, whose
S/N we denote ρmax. Only one event would have then been observed | the event with S/N
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equal to ρmax. From the Poisson distribution, the probability of having observed a single
event with ρ greater than or equal to ρmax is
P [1jµ0, (ρmax), I] = µ0(ρmax)e−µ0(ρmax), (1)
where µ0 is the expected number of actual galactic binary inspiral events, detected or other-
wise, during the observation period and I denotes other, unamed assumptions not relevant
here. Correspondingly, given a single event with ρ equal to ρmax the probability that µ0
takes on a particular value is, by Bayes Law,
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a priori probability that ρmax
takes on a particular value
)
. (2c)
Assuming that P (µ0jI) is a constant (i.e., taking a uniform, improper prior1),
P (µ0jρmax, I) = µ0(ρmax)2e−µ0(ρmax). (3)




dµ0 P (µ0jρmax, I) (4)
= 1− [1 + µp(ρmax)] e−µp(ρmax). (5)











The upper limit depends on ρmax through (ρmax), which was evaluated through Monte Carlo
studies and found equal to 0.33 [1, g. 2] for the observed ρmax or 8.34.
1An improper prior is one that cannot be normalized to unit probability or that depends on the
data. While one may disagree with this particular choice of prior, its use in this case — where it
leads to a normalized posterior — should not be especially controversial.
3
Equation 1 is the probability of having observed only one event with ρ greater than or
equal to ρ when ρ is equal to ρmax. It does not reflect our knowledge that the single
observed event has ρ exactly equal to ρ. If we can make use of this additional knowledge,
we can improve our estimate of ρmax, remaining in the framework of loudest event statistics.
In the next section we derive an exact expression for the likelihood that the loudest event
takes on a particular value, regardless of the threshold and allowing also for the possibility
of background events.
III. LOUDEST EVENT STATISTICS
A. Notation and terminology
A data analysis pipeline process identies events. Each identied event is characterized
by a single number, its S/N ρ. We assume that discrete events are independent and are
either background or foreground events. A background event is a false alarm: the signal
being sought is not, in fact, present in the data stream at the time of the event. Background
events may be caused by instrumental or environmental noise, or by \nuisance" signals (i.e.,
signals from other sources not being sought). Events corresponding to an actual signal are
foreground events, and correspond to a detection. Not all signals give rise to foreground
events: the analysis pipeline detects only some fraction of the signals. It is a bound on the
rate of signals, which give rise to foreground events, that we wish to determine from the
observations.
We assume that background events are Poisson distributed with the rate Rα; correspond-
ingly, the number of background events in an observation of duration T has the distribution






µα = TRα. (8b)
Like all events, background events are each associated with a S/N ρ, which characterizes




event has amplitude ρ
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(8c)






Similarly, we assume that signal events are Poisson distributed with rate R0. The analysis
pipeline detects signal events with an eciency , which depends on the details of the anal-
ysis. The number of (Poisson distributed) foreground events in an observation of duration
T is thus
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µ0 = R0T. (9b)
Foreground events are also associated with a S/N ratio ρ. Denote the probability density




event has amplitude ρ
)
. (9c)






B. The likelihood function
The likelihood function (ρmaxjµα, µ0) is proportional to the probability that the loudest
observed event has S/N ratio ρ, given µα, µ0 and :
(ρmaxjµα, µ0, ) / pα(ρmaxjµ0, µα, ) + p0(ρmaxjµ0, µα, ) (10a)
where
pα(ρmaxjµ0, µα, ) =
(
probability that loudest event is a
background event with amplitude ρmax
)
(10b)
p0(ρmaxjµ0, µα, ) =
(
probability that loudest event is a
foreground event with amplitude ρmax
)
(10c)
The probability that all background events, regardless of their number, have amplitude
less than ρmax is




= exp [−µα (1− cα(ρmax))] ; (11a)
similarly, the probability that all foreground events have amplitude less than ρmax is




= exp [−µ0 (1− c0(ρmax))] ; (11b)
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The probability that the loudest event is a background event with amplitude ρmax and that
all other foreground and background events have S/N less than ρmax, regardless of their
number, is
Pα(ρmaxjµ0, µα, ) = P0(ρ < ρmaxjµ0, ) d
dρmax
Pα(ρ < ρmaxjµα)
= µαpα(ρmax) exp [−µα (1− cα(ρmax))] exp [−µ0 (1− c0(ρmax))] ; (12a)
similarly, the probability that the loudest event is a foreground event with amplitude ρmax
and that all other foreground and background events have S/N less than ρmax, regardless of
their number, is
P0(ρmaxjµ0, µα, ) = Pα(ρ < ρmaxjµα) d
dρmax
P0(ρ < ρmaxjµ0, )
= µ0p0(ρmax) exp [−µα (1− cα(ρmax))] exp [−µ0 (1− c0(ρmax))] (12b)
In any observation the outcome can be either that the loudest event is a foreground
event, the loudest is a background event, or that no events were observed. Our focus on
loudest events does not permit us to draw any conclusions when no events are observed.
The probability that no events are observed is
P (0jµα + µ0) = e−(µα+µ0); (13)
correspondingly,
pα(ρmaxjµα, µ0, ) = Pα(ρmaxjµ0, µα, )
1− P (0jµα + µ0)
=
µαpα(ρmax) exp [µαcα(ρmax) + µ0c0(ρmax)]
exp (µα + µ0)− 1 (14a)
p0(ρmaxjµα, µ0, ) = P0(ρmaxjµ0, µα, )
1− P (0jµα + µ0)
=
µ0p0(ρmax) exp [µαcα(ρmax) + µ0c0(ρmax)]
exp (µα + µ0)− 1 . (14b)
We have thus determined our principal result, the likelihood (ρmaxjµα, µ0, ) in terms of
the expected distribution of foreground events p0(ρ), the expected distribution of background
events pα(ρ), the signal event rate and detection eciency µ0 and , and the background
event rate µα. In the next section we specialize this result to the case considered in [1],
nding a new limit on the compact binary inspiral event rate.
IV. DISCUSSION
Recall that the analysis pipeline described in [1] was characterized by two threshold
quantities, χ2 and ρ. The S/N ρ and another statistic χ
2 were evaluated on the interferom-
eter data stream: whenever χ2 was less than χ2 and ρ greater than ρ the pipeline reported
an event detected.
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To avoid the need to determine the background rate µα, [1] xed χ
2
 and set the detection
threshold ρ equal to the loudest event observed over the observation period. This event was
assumed to be a foreground event and the probability of background events with ρ greater
than ρ was taken to be zero.
With these assumptions ρmax is equal to ρ, c0(ρmax) vanishes (i.e., there can be no
observed events with ρ less than ρ, which is equal to ρmax) and the likelihood can be
written
(ρmaxjµ0, ) = µ0p0(ρmax) exp(−µ0)
1− exp(−µ0) . (15)
Assuming, with [1], an improper uniform a priori probability density for µ0 we can evaluate
the probability (meaning degree of belief) that µ0 takes on a particular value:
P (µ0jρmax, ) = 6µ0
2
pi2 [exp(µ0)− 1] . (16)












Our  is the fraction of signal events that appear at the end of the pipeline as foreground
events. It corresponds to the  evaluated in [1] for ρ equal to the observed ρmax of 8.34:
i.e.,  is equal to 0.33. Finally, we nd µ90% equal to 9.823, which is 17% lower than the
limit of 11.788 obtained in [1]. The upper bound on the galactic binary inspiral rate is,
correspondingly, reduced by 17%.
The rate estimate made here makes no dierent or additional assumptions than are made
in [1]. The dierence in the result is due entirely to making fuller use of the actual observed
value of the loudest event.
V. CONCLUSIONS
We have derived a general and exact expression for the probability that the \loudest"
event | i.e., the event of greatest signal-to-noise ratio | drawn with arbitrary eciency
from a population of Poisson distributed signals and in the presence of a Poisson distributed
background takes on a particular value. We have used this exact form of the likelihood to
improve upon the galactic compact binary inspiral rate upper limit reported by [1], under
their assumptions of no background and a single observed event above threshold.
Greater improvements in the upper limit (still remaining in the framework of loudest
event analyses) can be made by estimating the background event rate. For example, one
could assume that the events between S/N of 6 and 7, shown in gure 2 of [1], are due to
background and determine a power-law for the expected number of background events at
higher S/N, allowing the assumption of no background events to be relaxed. Alternatively,
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Lazzarini [3] has suggested that a rudimentary estimate of the background rate could be
obtained by evaluating the distribution of the detector output samples and, using that
distribution together with an appropriate linear lter to reproduce the noise power spectrum,
simulate and analyze detector output. Signals present in the original detector output will,
by construction, not be present in the simulated output2; consequently, only background
events emerge at the end of the analysis pipeline when evaluated on the simulated data,
allowing the background event rate to be estimated.3
The greatest improvements will come, however, by analyzing the data in a dierent way.
Loudest-event analyses, because they depend on a single event, are always plagued by the
problems of small number statistics: in particular, they are especially susceptible to the
single, rare, large event | or absence of same. Evaluating the rate by counting all events
above a pre-determined threshold will reduce the estimated event rate upper limit by N−1/2,
where N is the number of observed events. The presence or absence of a single event, large
or not, will not signicantly aect the estimated rate.
Implicit in either this analysis or in the analysis of [1] is the presumption that the
statistics of the observed events is Poissonian. There are strong theoretical reasons to believe
that foreground events are Poissonian; however, the presumption that background events are
in fact Poissonian must be tested. It may well be necessary to use an empirically determined
distribution for the background event rate and amplitude.
I am grateful to Barry Barish for reading and commenting on this manuscript, and
for pointing out that the presumption of Poissonian background events must be tested.
This work was supported by National Science Foundation awards PHY 9800111 and
PHY 9996213.
2Their power will be, but without the correlations necessary to trigger the filters. As long as the
mean power in events is less than mean noise power, this will not make a significant difference.
3The estimate will be rudimentary because it does not reproduce background events arising from
transient phenomena, which are intrinsically non-stationary and have higher-order correlations.
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